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The objective is to develop a high-resolution numerical scheme for calculating turbulent transonic ¯ ows past
airfoils. The numerical scheme essentially combines a multigrid explicit ® nite volume time-marching scheme

with a convective upwind split pressure (CUSP) scheme for controlling arti® cial dissipation, and convergence
rate is further enhanced by using local time stepping and implicit residual smoothing. One- and two-equation

turbulence models are incorporated into the numerical scheme to assess the ability of various turbulence models in
the prediction of turbulent transonic ¯ ow over airfoils within the framework of the CUSP formulation of arti® cial

dissipation.An implicit, factored, upwind-biasednumerical scheme is used forthe integrationof the turbulence ® eld
equations. Transonic viscous ¯ ows around the RAE-2822 airfoil are computed using this scheme. The results show

reasonably good agreement with existing experimental data and an improved resolution of transonic viscous ¯ ows.

I. Introduction

T HE structure of turbulent transonic ¯ ow around an airfoil is
complex because of the presence of shock waves and vis-

cous layers. When one computes this ¯ ow® eld numerically, it is
important to establish a high-resolution algorithm for the solution
of turbulent transonic ¯ ows so as to improve the numerical pre-
diction capabilities of the algorithm. Whereas a variety of ef® cient
numerical solution procedures have been proposed for the solution
of Navier±Stokes equations, the focus of this work is on explicit
® nite volume numerical schemes that require an explicit addition
of arti® cial dissipative terms to ensure numerical stability and to
resolve discontinuities and shear layers in the ¯ ow® eld. The intro-
duction of numerical dissipationcould lead to the contaminationof
the physical dissipationand excessivesmearing of shock waves. All
of these affect the accuracyof the solutionof viscous¯ ow problems.
Hence, there is a need to control the amount of arti® cial dissipation
without affecting numerical stability.One approach is to reduce the
arti® cial dissipationthrough the use of the velocity scaling of the ar-
ti® cial dissipationsuch as Kunz1 and Varma and Caughey2 or of the
matrix-valuedissipationof Turkel and Vatsa.3 Although the matrix-
valued dissipation produces better resolution of ¯ ow features than
the scalar dissipation model does, it is not optimal.

Jameson4 has proposed a uni® ed theory of nonoscillatory ® nite
volume schemes based on the local extremum diminishing princi-
ple, which leads to a new formulationof the convectiveupwind split
pressure (CUSP) scheme that supports single-point shock captur-
ing of stationary shocks. The CUSP scheme introduces a minimum
amount of numerical dissipation as the Mach number approaches
zero. Therefore, it is also appropriate for viscous ¯ ow calculations.
Tatsumi et al.5 have applied the CUSP scheme to solve turbulent
transonic¯ ow problemsandhavedemonstratedimprovedresolution
of viscouslayersaswell asmaintainingsingle-pointshockcapturing
characteristics.In the present work, the CUSP scheme has been im-
plemented within the ® nite volume numerical scheme and has been
explored with a variety of turbulence models, such as one-equation
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and two-equationturbulencemodels to developa more generalhigh-
resolution procedure for turbulent transonic ¯ ow problems.

For turbulent ¯ ow calculations, the turbulence transport equa-
tions and mean ¯ ow equations may be solved in a coupled or a
decoupled manner. Although the coupled approach gives a single
system of equations, which simultaneously govern the mean ¯ ow
and the turbulence properties, it is noted by Kunz1 that there is no
speci® c advantage to be gained numerically in terms of either con-
vergence rate or accuracy. In view of this, a decoupled approach
allows one to use differentnumerical schemes to integrate the mean
¯ ow equations and the turbulence transport equations thereby en-
ablingone to investigatedifferent turbulencemodels.The mean ¯ ow
equations are integrated in time using turbulence quantities frozen
from the last time step. In this work, the decoupledapproach is used
to integrate the turbulence transport equations in time using frozen
mean ¯ ow properties. The CUSP scheme6 is incorporated in the
work of Damodaran and Lee,7 which uses a ® nite volume multi-
stage cell-centered explicit time-marching scheme to integrate the
Favre-averaged Navier±Stokes equations. Because the presence of
source terms in the turbulence transport equations imposes a fur-
ther time step restriction, the implicit factored alternating direction
implicit (ADI) scheme is used for solving the turbulence transport
equations to alleviate the problem.

II. Governing Equations
For compressibleturbulent ¯ ows, the density weightedaveraging

suggested by Favre8, 9 is helpful in simplifying the formulation of
the mean ¯ ow equations.The Favre averaging is a hybrid averaged
method that uses density weighted averaging on all ¯ uid properties
except pressure and density on which an ensemble (or time) aver-
aging is used. With the use of the eddy viscosity model in modeling
the Reynolds stresses and turbulent heat ¯ ux, the nondimensional
conservative form of Favre-averaged Navier±Stokes equations in
two dimensions is written as

@h U i
@t

+
@h F i
@x

+
@h G i
@y

=
p c M 1

ReL
( @h R i

@x
+

@h Si
@y ) (1)

Here

h U i = ( h q i , h q i Äu, h q i Äv , h q i Äe)T

h F i = [h q i Äu, h q i Äu2
+ h q i , h p i Äu Äv , Äu( h q i Äe + h p i )]T

h G i = [ h q i Äv, h q i Äu Äv, ( h q i Äv2
+ h p i ), Äv( h q i Äe + h p i )]T
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h R i = ( 0, Är xx , Är x y , Äu Är x x + Äv Är xy + j s
@ ÄT
@x )

T

h S i = ( 0, Är x y , Är yy , Äu Är x y + Äv Är yy + j s
@ ÄT
@y )

T

and the equation of state for a perfect gas is given by

h p i = ( c ¡ 1) h q i [ Äe ¡
Äu2 + Äv2

2 ] (2)

where Är x x , Är x y , and Är yy are the stress terms, Är x x = 2 Äl e Äu x ¡ 2 Äl e

( Äu x + Äv y)/ 3, Är x y = Äl e( Äu y + Ävx ), and Är yy = 2 Äl e Ävy ¡ 2 Äl e( Äux + Äv y)/ 3.
Also, j s is the coef® cient of thermal conductivity, j s = ( Äl / pr )e

( c ¡ 1)M2

1 .
In these equations, the angle brackets h i represent an ensemble-

averaged quantity and the tilde ( Ä ) de® nes a density weighted av-
eraged quantity. Also, q , u, v , e, p, and T represent the density, x-
and y-velocity components, total energy, pressure, and the temper-
ature, respectively. ReL is the reference Reynolds number based on
the airfoil chord length L , M 1 is the freestream Mach number, and
c is the ratio of speci® c heats of the ¯ uid, taken as 1.4. The effective
thermal conductivity ( Äl / pr )e = ( Äl / pr ) + ( Äl / pr )t , where pr and
prt are the laminar and turbulent Prandtl number taken as 0.72 and
0.9, respectively. The effective viscosity Äl e = Äl + Äl t , where the
molecular viscosity Äl is obtained by the power law Äl = ÄT n with
n = 0.72, and the turbulentviscosity Äl t is determined by a suitable
turbulence model.

III. Turbulence Models
In the presentwork, one-equationturbulencemodels of Baldwin±

Barth10 (B±B) and Spalart±Allmaras11 (S±A) and the two-equation
Chien’s low Reynolds number k ¡ ² model12 (CH) are implemented
to compute turbulenceeffects on the mean ¯ ow equations for turbu-
lent transonic ¯ ow past airfoils. As these models account for near-
wall viscous effects on turbulence, ® ne grid spacing is requirednear
airfoil surface to resolve the viscous layer.These turbulencemodels
are outlined as follows.

Baldwin± Barth One-Equation Model

The turbulent viscosity in the B±B one-equationmodel10 is mod-
eled as

Äm t = C l D1D2 Äm ÄRT (3)

where Äm is the kinematic viscosity and the turbulence ® eld variable
Äm ÄRT is governedby the transportequationwritten in nondimensional
form as

D( Äm ÄRT )

Dt
=

p c M 1
ReL [( Äm +

Äm t

r e ) r 2( Äm ÄRT ) ¡
1

r e r Äm t ¢ r ( Äm ÄRT )]
+ (C e 2F2 ¡ C e 1

)Ï Äm ÄRT P (4)

where D/Dt is the substantive derivative,D/ Dt = (@/@t ) + V ¢ r ,
and Pis the production of the turbulent kinetic energy,

P= Äm t( @ ÄVi

@x j
+

@ ÄV j

@xi
) @ ÄVi

@x j
¡

2

3
Äm t( @ ÄVk

@xk
)

2

The following functions are employed to account for near-wall
viscous effects on turbulence:

F2(y+ ) =
C e 1

C e 2

+ ( 1 ¡
C e 1

C e 2
) ( 1

j y+ + D1D2)
£ [ Ï D1D2 +

y+

p D1D2

(D0
1D2 + D1D0

2)]
1

r e
= (C²2 ¡ C²1

)! Cl

j 2
, y+ = ! Äs wall

h q i wall

D y

Äm

D1 = 1 ¡ exp( ¡ y+

A+ ) , D2 = 1 ¡ exp( ¡ y+

A+
2

)
D0

1 =
1

A+
exp( ¡ y+

A+ ) , D0
2 =

1

A+
2

exp( ¡ y+

A+
2

)

where D y is the distance from the ® eld point to the nearest wall and
the modeling constantsare given as j = 0.41, C²1 = 1.2, C²2 = 2.0,

Cl = 0.09, A+ = 26, and A+
2 = 10.

Spalart± Allmaras One-Equation Model

In the S±A model,11 the turbulent viscosity is given by

Äm t = Ä} fv1 (5)

where fv1 = v 3/ ( v 3 + C3
v1) and v ´ Ä} / Äm . After neglecting the trip

functions from the original model,11 the transport equation of the
turbulence ® eld variable Ä} is written as

D Ä}
Dt

=
p c M 1

ReL (( 1

r {r ¢ [( Äm + Ä} ) r Ä} ] + Cb2( r Ä} )2}

¡ Cw1 fw[ Ä}
d ]

2

)) + Cb1
ÄS Ä} (6)

where ÄS ´ S + Ä} fv2/ ( j 2d2), fv2 = 1 ¡ v / (1 + v fv1), f x =
g[(1 + C6

w3)/ (g6 + C6
w3)]

1/ 6, g = r + Cw2(r 6 ¡ r), and r ´
Ä} / ( ÄS j 2d2). Here S is the magnitude of the vorticity and d is the

distance to the closest wall.
The model constants given by Spalart and Allmaras11 are j =

0.41, Cb1 = 0.1355, r = 2
3
, Cb2 = 0.622, Cw1 = Cb1/ j 2 + (1 +

Cb2)/ r , Cw2 = 0.3, Cw3 = 2, and Cv1 = 7.1.

Chien’s Low Reynolds Number k ± ² Model
In the CH low Reynoldsnumberk±² model,12 thenondimensional

turbulent viscosity is expressed by

Äm t = (ReL / p c M 1 )Cl Fl ( Äk2/ Ä²) (7)

where Äk = 1
2 h q V 0 0

i V 0 0
i i / h q i is the turbulent kinetic energy and Ä² =

Äm h q V 0 0
i, j V

0 0
i, j i / h q i is the isotropic dissipation rate of the turbulent

kinetic energy.
The transport equations, which govern the turbulence ® eld vari-

ables Äk and Ä², are described by

D h Uk² i
Dt

=
p c M 1

ReL
( @h Rk² i

@x
+

@h Sk² i
@y

+ h Kk² i ) (8)

where

h Uk² i = ( Äk, Ä²)T h Rk² i = [( Äm +
Äm t

r k
) @ Äk

@x
, ( Äm +

Äm t

r ² )
@ Ä²
@x ]

T

h Sk² i = [( Äm +
Äm t

r k
) @ Äk

@y
, ( Äm +

Äm t

r ² )
@ Ä²
@y ]

T

h Kk² i = [P¡
ReL

p c M 1
Ä² + Ek ,

Ä²
Äk ( C1P¡

ReL

p c M 1 F2C2 Ä²) + E²]
T

Here the production of the turbulent kinetic energy

P= Äm t( @ ÄVi

@x j
+

@ ÄV j

@xi ) @ ÄVi

@x j
¡

2

3
Äm t( @ ÄVk

@xk )
2

¡
2

3
Äk
@ ÄVk

@xk

Chien12 proposed the following functions for this model:

Fl = 1 ¡ exp( ¡ 0.0115y+ ), F2 = 1 ¡
2

9
exp( ¡

R2
t

36 )
Rt =

ReL

p c M 1
Äk2

Äm Ä²
, Ek = ¡

2 Äm Äk
D y2

E² = ¡
2 Äm Ä²
D y2

exp( ¡ 0.5y+ ), y+ = ! Äs wall

h q i wall

D y

Äm

The extra terms,Ek andE² , are used to account for near-wallviscous
effects on turbulence. The model constants are r k = 1.0, r ² = 1.3,
C l = 0.09, C1 = 1.35, and C2 = 1.8.
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IV. Solution Procedure
The basic strategy involved in this work is based on a decou-

pled approach with different solution proceduresused for the mean
¯ ow equations and the turbulence closure equations. For the mean
¯ ow equations, the solution procedure uses a cell-centered ® nite
volume spatial description with an explicit multistage time integra-
tion scheme to solve for steady-state solutions. In principle, the tur-
bulence transport equations can be solved using the same explicit
scheme. However the presence of source terms in the turbulence
model equations and the positivity constraints of the turbulence
quantities impose a further time step restriction.Hence, an implicit
factored ADI scheme is used for solving the turbulence closure
equations to alleviate this restriction.

Explicit Finite Volume Multistage Time Integration
of Mean Flow Equations

The mean ¯ owequationsgovernedby theFavre-averagedNavier±
Stokes equations are discretized using a multistage cell-centered
® nite volume time-marching scheme as in Refs. 13 and 14. In the
cell-centered® nite volumeformulation,the ¯ ow variablesare stored
at the cell centerswith the controlvolume for each cell beingde® ned
by the surroundinggridpoints.The ® nite volumeformulationresults
in a system of semidiscrete equations of the general form

d(hU)i, j

dt
+ (Qc)i, j + (Qv )i, j = 0 (9)

where h i, j is the area of the mesh cell indexed as (i, j ), which are
indices along the two general coordinatedirections along which the
cell boundaries are aligned, and Qc and Qv are the net convective
and viscous ¯ uxes out of the cell boundaries,respectively.The con-
vective ¯ uxes are computed at the faces as the average of the ¯ ux
vectors de® ned in the two adjacent cells. The face values of ve-
locity and temperature gradients required in the viscous ¯ uxes are
computedby integratingthe controlvolumede® ned by the two adja-
cent cell centers and the endpoints of the dividing face. Because the
® nite-volume spatial discretizationused here is equivalent to a cen-
tral differencescheme, additionalarti® cial dissipationis required to
suppress odd±even point decoupling. Adding arti® cial dissipative
terms to Eq. (9) in a conservative form results in the ® nal form of
the ® nite volume spatial discretization,

d(hU)i, j

dt
+ (Qc)i, j + (Qv )i, j ¡ Di, j = 0 (10)

where Di, j is the net dissipation of the cell and is given by Di, j =
di + 1/ 2, j ¡ di ¡ 1/2, j + di, j + 1/ 2 ¡ di, j ¡ 1/ 2 . The terms di §1/ 2, j and
di, j §1/2 indicate the dissipative terms in the i and j directions, re-
spectively.

CUSP Formulation

In the CUSP scheme proposed by Jameson,6 the diffusive ¯ ux is
de® ned as a combination of differences of the state and ¯ ux vec-
tors. To help clarity, the diffusive ¯ ux for one coordinate, i.e., the i
direction, is described in detail as

di + 1
2

= 1
2
a ¤

i + 1
2

c(Ui + 1 ¡ Ui ) + 1
2
b j + 1

2
(Fi + 1 ¡ Fi ) (11)

where c is the speed of sound and the inviscid ¯ ux vector F is
decomposed by setting

F = Uu + P (12)

where u is the velocity component in the i direction. This for-
mulation permits a solution with constant total enthalpy, q h =
q e + p, by de® ning the state vector U = ( q , q u, q v , q h)T and
P = p(0, 1, 0, 0)T , leading to the H-CUSP scheme. Then

Fi + 1 ¡ Fi = Åu(Ui + 1 ¡ Ui ) + ÅU(u i + 1 ¡ u i ) + Pi + 1 ¡ Pi (13)

where Åu and ÅU are the arithmetic averages. If the total effective
coef® cient of convectivediffusion is de® ned as

a c = a ¤ c + b Åu

then the diffusive ¯ ux can be written as

di + 1
2

= 1
2
a c D U + 1

2
b ÅU D u + 1

2
b D P (14)

and the diffusion coef® cients are de® ned as

a = j M j , b =

ìïïïïïïï
í
ïïïïïïïî

max( 0,
u + k ¡
u ¡ k ¡ ) if 0 · M ·1

min( 0,
u + k +

u ¡ k + ) if ¡ 1 · M ·0

sign(M ) if j M j ¸ 1

(15)
where M = u/ c is the Mach number and

k § =
c + 1

2 c
u § ! ( c + 1

2 c
u)

2

+
c2 ¡ u2

c

Near stagnationpoints a may bemodi® ed to a = 1
2
( a 0+ j M j 2/ a 0) if

j M j is smaller than a threshold a 0 . The interface variables involved
in a and b are computed using the Roe-averaged quantities de® ned
as a density weighted average of the left and right states.5

A high-resolutionscheme can be constructed by limiting the ac-
tion of antidiffusiveterms. In a similar manner to the reconstruction
of the solution in van Leer’s MUSCL scheme,15 Jameson6 de® nes
left and right states for each dependent variable separately as

U(k)
L = U(k)

i + 1
2
L( D U(k)

i + 3
2

, D U(k)

i ¡ 1
2
)

U(k)
R = U(k)

i + 1 ¡ 1
2
L ( D U(k)

i + 3
2

, D U(k)

i ¡ 1
2
)

where U(k) represent the kth element of the state vector U and

D Ui + 1
2

= Ui + 1 ¡ Ui

The limited average L(u, v) is de® ned as

L(u, v) =
1
2

D(u, v)(u + v) (16)

where D(u, v) is a factor that should de¯ ate the arithmetic average
and become zero if u and v have opposite signs. Take

D(u, v) = 1 ¡
ê
ê
ê
ê

u ¡ v

max( j u j + j v j , ²D x r )

ê
ê
ê
ê

q

(17)

In the CUSP scheme the pressures pL and pR for the left and
right states are determined from UL and UR , respectively.Then the
diffusive ¯ ux is calculated by substituting UL for Ui and UR for
Ui+1 to give

di + 1
2

= 1
2
a ¤ c(UR ¡ UL ) + 1

2
b [F(UR) ¡ F(UL )]

A similar expression for the diffusive terms in the j direction can
be derived. In the present work q is taken as 3 with r = 3

2
to ensure

a second-orderaccuracy in smooth regions.
The semidiscretized mean ¯ ow equations are integrated in time

using a multistage scheme in which the convective and dissipative
terms are treated separately. The viscous ¯ uxes ( h R i , h S i ) are only
evaluated at the ® rst stage and frozen for subsequentstages. For the
results presented here, a ® ve-stage scheme with dissipative terms
reevaluated at alternate stages6 is used. The convergence rate is
enhanced through the use of local time stepping, implicit residual
smoothing, and multigrid acceleration method in a manner similar
to that discussed in Ref. 14. The multigrid cycle employed here is a
saw-tooth cycle. On multigrid cycles, multistage time integration is
done on each coarse mesh and the viscous ¯ uxes are only updated
on the ® rst stage of the time steppingscheme on the ® nest mesh and
frozen on coarser meshes. Once the coarsest mesh is reached, the
solution changes are interpolated back to the ® nest mesh, with an
additional multistage integration being performed on the way up.
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Implicit Factored ADI Formulation for Turbulence
Closure Equations

To ensure positive turbulencequantitiesat each time step, the ap-
proach of Baldwin and Barth10 for constructionof M-type matrices
is employed. An M-type matrix is diagonally dominant with posi-
tive diagonal entries and negative off-diagonal entries. The matrix
has a nonnegative inverse operator; hence, the positivity of turbu-
lence quantities is achieved.The turbulencemodel equationscan be
written in a general form as follows:

@R
@t

+ V ¢ r R= m t1 r 2R+ r ¢ ( m t2 r R) + K (18)

where Ris m RT , } , or (k, ²)T and K represents the corresponding
source terms for each model, which can be constructed from Eqs.
(4), (6), and (8). The convective term is treated using a standard,
® rst-order accurate upwind approximation,

V ¢ r R¼ a x
c Ri + 1, j + b x

c Ri, j + c x
c Ri ¡ 1, j

+ a y
c Ri, j + 1 + b y

c Ri, j + c y
c Ri, j ¡ 1 (19)

where

a x
c = (1/ D x)u ¡

i, j , c x
c = ¡ (1/ D x)u+

i, j , b x
c = ¡ ( a x

c + c x
c

)

a y
c = (1/ D y)v ¡

i, j , c y
c = ¡ (1/ D y)v+

i, j , b y
c = ¡ ( a y

c + c y
c

)

and u§ = (u §j u j )/ 2 and v§ = (v §j v j )/ 2. Note that the matrix
formed by a x

c , b x
c , c x

c , a y
c , b y

c , and c y
c is an M -type matrix.

The diffusive terms are approximated by central differencing:

m t1 r 2R+ r ¢ ( m t2 r R) ¼ a xRi + 1, j + b xRi, j

+ c xRi ¡ 1, j + a yRi, j + 1 + b yRi, j + c yRi, j ¡ 1 (20)

To produce an M-type matrix, the entries are taken as

a n
= max(0, a n

d1 + a n
d2

), c n
= max(0, c n

d1 + c n
d2

)

(21)

b n
= ¡ ( a n

+ c n ), n = x or y

where

a x
d1 = c x

d1 = (1/ D x2)( m t1)i, j , a y
d1 = c y

d1 = (1/ D y2)( m t1)i, j

a x
d2 = (1/ D x2)( m t2)i + 1

2 , j , c x
d2 = (1/ D x2)( m t2)i ¡ 1

2 , j

a y
d2 = (1/ D y2)( m t2)i, j + 1

2 , c y
d2 = (1/ D y2)( m t2)i, j ¡ 1

2

The source term K is treated explicitly. This results in a system
of ordinary differential equations of the form

dR
dt

+ M(R)R= K(R) (22)

or

[I + D t M(Rn )] D Rn
= F(Rn)

where F(Rn ) = D t[ ¡ M(Rn )Rn + K(Rn)]. The resulting matrix
M is an M-type matrix that has a nonnegative inverse operator;
hence, the positivity of turbulencequantities is achieved.The direct
inversion of the matrix is time consuming. Therefore, it is further
approximately factorized in the x and y directions to alleviate the
problem:

[I + D t Mx (Rn )][I + D t My (Rn)] D Rn
= F(Rn ) (23)

The two resulting matrices are tridiagonal for the one-equation
model or 2 £ 2 block tridiagonal for the two-equation model and
can be easily inverted by utilizing Thomas’ algorithm.18 However,
the M -type matrix is lost after factorization. In this work, D t is
restricted to achieve the positivity.

Boundary Conditions
The mean ¯ ow and turbulencetransportequationspresentedin the

preceding sections represent an initial-boundary-value problem. To
solve these equations, it is necessary to impose initial and boundary
conditions.Because only steady-state solutionsare of interest in the
present work, initial conditions are not relevant to the solutions.For
two-dimensional mean ¯ ow equations, four boundary conditions
are required along each boundary of the domain. The boundaries
involved are either in¯ ow/out¯ ow or solid wall type. Along solid
wall boundaries, the no-slip condition, zero normal pressure gradi-
ent, and adiabatic wall condition are speci® ed.

For the two-dimensional airfoil problem, the in¯ ow/out¯ ow
boundary is the far-® eld boundary placed at a ® nite extent. For
subsonic ¯ ows, the nonre¯ ecting boundary conditionsbased on the
Riemann invariants of the one-dimensional inviscid ¯ ow normal to
the far-® eld boundary are used. In addition to the Riemann invari-
ants, on the in¯ ow valuesof the tangentialvelocity,componentsand
the entropy are determined using freestreamvalues, whereas on the
out¯ ow thoseare extrapolatedfrom the interior.Far-® eldboundaries
are placedat a distanceof 10airfoilchordlengthsfrom theairfoil.To
accuratelyapproximatethe asymptoticstate of a uniformfreestream
condition,thevortexfar-® eldboundarycondition,16 which isde® ned
as the combination of freestream and a compressible point vortex
centered at the airfoil quarter chord, is used.

When a turbulence model based on differential equations of tur-
bulence quantities is used, it requires additional boundary condi-
tions for each equation. The boundary conditions are determined
by the type of turbulence model used. Following Refs. 10±12, on
solid walls R= 0, on in¯ ow boundariesR= R1 , and on out¯ ow
boundaries,Ris extrapolatedfrom the interior values. In this work,
RT 1 and } 1 are set to 0.1 and 0.01m 1 , respectively.The values of
k 1 and ²1 are basedon the speci® ed freestreamturbulenceintensity
and eddy viscosity, which are set as 0.1% and 0.1 m 1 , respectively.

V. Results
To verify the single-point shock capturing characteristics of the

H-CUSP scheme, computationsare ® rst performed for transonic in-
viscid ¯ ow over the NACA-0012 airfoil con® guration. Then some
sample computations of compressible turbulent ¯ ow on a ¯ at plate
are done to validate the implicit factored ADI formulation of turbu-
lence models. Finally, the high-resolutionscheme is applied to tur-
bulent transonic ¯ ow around the RAE-2822 airfoil to demonstrate
the capabilityof the scheme in resolvingcomplex ¯ ow structures,as
well as to compare the performance of various turbulence models.

Inviscid Transonic Flows Past Airfoils
To demonstrate the H-CUSP formulation, computations are per-

formed on two C-type meshesof 192 £ 32 and 384 £ 64 cells for the
inviscid transonic airfoil ¯ ows. The coarse mesh is obtained from
the ® ne mesh by dropping every alternate grid line in both coordi-
nate directions, while leaving the boundaries intact. Solutions are
producedafter 500 cycles of four multigrid levels. The computation
consideredis the NACA-0012 airfoil operatingat a freestreamMach
number of 0.8 and 0-deg angle of attack. This is a symmetric ¯ ow
casewith strongshocksat x/c = 0.5 on theupperand lower surfaces.
For this nonlifting airfoil case, the upstream boundary is placed at a
distanceof 40 airfoil chord lengths from the airfoil to accuratelyap-
proximate the uniformfreestreamconditions.The computedsurface
pressure coef® cient distributions for the two meshes are shown in
Fig. 1, in which the symmetry of the ¯ ow and the single-pointshock
capturing characteristics are clearly demonstrated. Figure 2 com-
pares the convergence histories of 192 £ 32 solution and 384 £ 64
solutions.The convergencerate is about the same on the two meshes
at the ® rst few hundred cycles, but slightly slower for later cycles
on the ® ne mesh. The number of supersonic points in the ¯ ow® eld
normalized by the number attained at the end of converged steady
solution,NSUP, convergesafter about250 multigrid cycles register-
ing a more than four-order reduction of the root mean square (rms)
value of the density residual, k dq / dt k 2, after 250 multigrid cycles.

Compressible Turbulent Boundary Layer on a Flat Plate
The ¯ at plate ¯ ow case is a standard test case for the validation

of turbulent ¯ ow calculations.Because all of the turbulencemodels
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Fig. 1 Computed surface pressure coef® cient distributions for NACA-
0012 airfoil at Mach 0.800 and ® = 0.00 deg.

Fig. 2 Convergence and number of supersonic points for NACA-0012
airfoil at Mach 0.800 and ® = 0.00 deg.

are calibrated using the ¯ at plate solution, an accurate predictionof
this ¯ ow problem indicates a correct implementation of the turbu-
lencemodelequations.The meshemployedto computethe turbulent
boundary layer over ¯ at plate consistsof 72 £ 80 mesh cells with 48
cells placed on the plate. It is algebraically packed near the leading
edge of the plate and solid surface with minimum increments of
D xmin = 3 £ 10¡ 4 and D ymin = 3 £ 10¡ 6 of plate length. The maxi-
mum aspect ratio of this mesh is about40,000.The inlet boundary is
placed at one-half of the plate length from the leading edge, and the
exit boundary is located at the end of the plate. The upper boundary
is set at one-tenth of the plate length above the plate.

The in¯ ow and out¯ ow boundary conditions are based on the
characteristic boundary conditions with freestream static pressure
prescribedalong the exit boundary.Flow tangency is enforcedalong
the symmetric boundary, which lies along the lower boundary up-
stream of the plate. A no-slip condition with an adiabatic wall and
zero normal pressure gradient are imposed along the solid wall. At
the upper boundary, the normal velocity component is extrapolated
from the interiorand other variablesare speci® ed as freestream.The
present computationsare performed for a freestream Mach number

Fig. 3 Comparison of the law of the wall pro® le for ¯ at plate turbulent
boundary layer.

of 0.5 and a Reynolds number of 2.2 £ 106 based on the plate
length. Solutions are obtained in 2500 cycles of three multigrid lev-
els, which reduces the rms of the density residuals by about four
orders of magnitude.The velocitypro® les computedusing the three
turbulence models are shown in Fig. 3 for x = 0.5 and 0.9. The
agreement between the computed results and the logarithmic law
of wall pro® le is excellent for all three models. The results at the
two streamwise locationsalso illustrate the self-similaritylaw of the
velocity pro® le.

Turbulent Transonic Flow Past Airfoils

Turbulent transonic ¯ ow past a RAE-2822 airfoil inclined at an
angle of attack of a = 2.92 deg in a freestream Mach number
M 1 = 0.725 and Reynolds number ReL = 6.5 £ 106 , which is test
case 6 in the experimental study of Cook et al.,17 is used to validate
the present study. To account for wall interference, corrected ¯ ow
conditions suggested by Tatsumi et al.,5 i.e., M 1 = 0.731 and
a = 2.51deg,areused in the study.This ¯ ow involvesa strongshock
wave at x/ c = 0.55 on the upper surface. As the lift coef® cient for
this case depends on the predicted shock location, it is imperative
that a good resolution of the shock be used for the calculation. A
grid convergence study is performed on C-grids having 384 £ 64
cells and 192 £ 32 cells in the wraparound direction and the normal
direction, respectively. Two-thirds of the wraparound cells lie on
the airfoil surface and are packed to resolve the boundary layers.
The minimum normal distances between the ® rst grid lines off the
airfoil surface, i.e., ( D yw ), are 1 £ 10¡ 5 and 2.2 £ 10¡ 5 chords,
respectively, for the two grids.

A grid convergence study is ® rst presented for the three turbu-
lence models within the H-CUSP scheme. Figure 4 compares the
computed airfoil surface pressurecoef® cient and skin-frictioncoef-
® cient distributions.The airfoil surface pressuredistributionsfor all
three models are in close agreement for most of the airfoil surface,
with the ® ne grid solutions agreeing more closely with experimen-
tal data. The skin-friction distributions are in close agreement for
most points on the airfoil surface for the two one-equation mod-
els, with the ® ne grid solutions capturing more details near shocks
as expected. However, there are signi® cant deviations in the skin-
friction distributions for most points on the airfoil surface for the
case of the CH low Reynolds number k ¡ ² model. It is felt that the
deviationscould be due to the values of D yw . To assess this, the two
grids are re® ned further so that the D yw for the 384 £ 64 mesh is
now 5 £ 10¡ 6 chords and that for the 192 £ 32 mesh is 1.1 £ 10¡ 5

chords. Figure 5 compares the airfoil surface pressure coef® cient
and skin-friction coef® cient distributions for different normal wall
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Fig. 4 Grid convergence study on surface pressure coef® cient and skin-friction coef® cient distributions using H-CUSP scheme with three turbulence
models for RAE-2822 airfoil at Mach 0.731, ® = 2.51 deg, and ReL = 6.5 £ 106 .
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Fig. 5 Mesh convergence study on surface pressure coef® cient and skin-friction coef® cient distributions using H-CUSP scheme with CH k ± ² model
for RAE-2822 airfoil at Mach 0.731, ® = 2.51 deg, and ReL = 6.5 £ 106 .

Fig. 6 Comparison of surface pressure coef® cient distributions on
384 £ 64 mesh using H-CUSP scheme with three turbulence models
for RAE-2822 airfoil at Mach 0.731,® = 2.51 deg, and ReL = 6.5 £ 106.

spacings, and it can be seen that when ® ner values of D yw are
imposed on the grids closer agreement is achieved for most points
on the airfoil surface. It seems that grid independentsolutions using
the CH low Reynolds number k ¡ ² model are more sensitive to
D yw and its variation near the wall than those solutions using the
one-equation turbulence models.

Figure 6 shows the comparison of surface pressure coef® cient
distributions with the experimental data for the three turbulence
models on the 384 £ 64 mesh with D yw = 1.0 £ 10¡ 5 chords.
The computed results are in close agreement with the experimen-
tal data. Computed lift and drag coef® cients are (CL = 0.691 and
CD = 0.0134), (CL = 0.715 and CD = 0.0145), and (CL = 0.731
and CD = 0.0160) for the B±B, S±A, and CH models, respectively.

The experimental values given by Cook et al.17 are (CL = 0.743
and CD = 0.0127). To study the resolution characteristics of the
H-CUSP and standard scalar dissipation models, computed results
are also presented for the two dissipation models using the B±B
one-equationmodel on the 384 £ 64 mesh with D yw = 1.0 £ 10¡ 5.
Figures 7a and 7b show contour plots of the computed ® eld Mach

a)

b)

c)

Fig. 7 Comparison of surface pressure coef® cient distributions and
Mach number contours on 384 £ 64 mesh using scalar dissipation and
H-CUSP schemes for RAE-2822 airfoil at Mach 0.731, ® = 2.51 deg,
and ReL = 6.5 £ 106 .
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Fig. 8 Comparisonof skin-friction coef® cient distributionson 384 £ 64
mesh usingH-CUSP scheme with three turbulencemodels for RAE-2822
airfoil at Mach 0.731, ® = 2.51 deg, and ReL = 6.5 £ 106.

Fig. 9 Comparison of skin-friction coef® cient distributions on 384 £
64 mesh using scalar dissipation and H-CUSP schemes for RAE-2822
airfoil at Mach 0.731, ® = 2.51 deg, and ReL = 6.5 £ 106.

number distribution in the vicinity of the shock and viscous layers
on the surface of the airfoil using the H-CUSP and standard scalar
dissipation models. Figures 7a and 7b demonstrate the nonoscilla-
tory character of the H-CUSP solution in the vicinity of the shock
and its ability to resolve the structure of the ¯ ow discontinuities
more crisply than the scalar dissipation model. Figure 7c shows a
comparison of the airfoil surface pressure coef® cient distribution
in the vicinity of the shock wave for the two formulations of the
dissipation models.

Figure 8 shows the comparison of computed skin-friction coef-
® cient distributions, C f , with the upper surface experimental data
for the three turbulence models. It is dif® cult to assess the perfor-
mance of the three models on C f becauseonly limited experimental
data are available. However, all three models predict fair agreement
qualitativelywith the availableexperimentaldata.Computed results
using the three models are in good agreementwith each other except
on the region downstream from the shock where the CH model pre-
dicts a slightly higher C f than the other two models do. In addition,

Fig. 10 Convergence and number of supersonic point for RAE-2822
airfoil at Mach 0.731, ® = 2.51 deg, and ReL = 6.5 £ 106.

Fig. 11 Convergence of turbulence transport equations for RAE-2822
airfoil at Mach 0.731, ® = 2.51 deg, and ReL = 6.5 £ 106.

computed results of the B±B model shows reversed ¯ ows near the
trailing-edgeregion.Figure 9 shows the comparisonof skin-friction
coef® cient distributions for scalar and H-CUSP solutions using the
B±B model. The slight change between the two computed results is
due to the differentresolutioncharacteristicsof the two arti® cial dis-
sipation models. The differencemay be seen as an indicationof the
improvement of the H-CUSP solutions over the scalar dissipation
solutions. Convergence histories are shown in Figs. 10 and 11 for
the rms residuals k d Äq / dt k 2 and k d ÄR/dt k 2 , respectively. The same
convergence rate of k d Äq /dt k 2 is observed for the three turbulence
models.The rms of the density residualdropsby about ® ve ordersof
magnitudeafter 1500and 2000cyclesusing three levelsofmultigrid
for the 192 £ 32 and 384 £ 64 meshes, respectively.

VI. Conclusion
A high-resolution ® nite volume scheme has been demonstrated

with solution of various two-dimensional inviscid and turbulent
transonic ¯ ows. In the case presented, an improved resolution of
shock wave and viscous layer is described through the use of the
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high-resolution scheme. It has been found that the high-resolution
schemecanhandledifferentturbulent¯ owfeatures,providedthetur-
bulence models used are capable of accurately resolving turbulence
effects on the mean ¯ ow equations. For the computation of turbu-
lence effects on the mean ¯ ows, three turbulence models are used,
B±B one-equation,S±A one-equation,and CH low Reynolds num-
ber k±² models. Computed solutionsof all three models are in good
agreement with experimental data for the investigated test case. In
addition, the mesh convergencestudy shows that the CH k±² model
is more sensitiveto the minimum normal wall spacingand near-wall
mesh variation than the B±B and S±A one-equationmodels.
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